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Let H be a Hilbert space with an inner product (., .)7 . In Jajte, R., and Paszkiewicz, A.
(1978, Vector measure on the closed subspaces of a Hilbert space, Studia Mathematica
63, 229-251), the H-measure on the logic of all orthogonal projections on H was
studied. We examine the 7{-measure on the hyperbolic logic of all J-projections on a
Krein space.
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1. INTRODUCTION

One of the basic problems related to the propositional calculus approach
to the foundations of quantum mechanics is the description of measures on the
set of experimentally verifiable propositions regarding a physical system. The set
of propositions form an orthomodular partially ordered set, where the order is
induced by a relation of implication, and is called a quantum logic.

An important interpretation of a quantum logic is the set B(H)P of all
orthogonal projections on a Hilbert space H. The problem of the construction of
a quantum field theory sometimes leads to an indefinite metric space (Dadashyan
and Horujy, 1983). In this case, the set P of all J-orthogonal projections serves
to be an analog to the logics B(H)P". There is an indefinite analog (Matvejchuk,
1997) to the remarkable Gleason’s theorem. In this paper a vector measure on the
quantum logic P is studied for the first time.

Let H be a (complex) Hilbert space with an inner product (.,.)y.
Fix a self-adjoint symmetry operator J (J = J* = J~!, J # £I). The form
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[x,¥] =[x, ylg := (Jx, y)y is said to be an indefinite metric, and H is said
to be the Krein space (= J-space) (see Azizov and lokhvidov, 1986). Put
ot = %(I +J)and Q" :=1—-Q", H" := Q"H, H™ := Q™ H. The repre-
sentation H = H+[+]H ~ is said to be a canonical decomposition of H. Without
loss of generality we can assume dim H+ < dim H ™.

A vector x € H is neutral (positive, nonnegative, negative, NOnposi-
tive), if [x,x] =0 ([x,x] > 0, [x,x] > 0, [x,x] <0, [x, x] <0, respectively).
Let us denote by p° (B**, B*, =, B7) the set of all neutral (posi-
tive, nonnegative, negative, nonpositive, respectively) vectors. Put 't = {f €
H:[f fl=1} and T-={f e H:[f fl=—1}). It is clear that JT* =
I'*. The set I':=T*UT~ is an indefinite analogy of the unit sphere S
of H.

An operator A € B(H) is J-positive (J-negative) if [Ax,x]>0
([Ax,x] <0), for all x € H. Note that A € B(H) is J-positive (negative)
if and only if JA >0 (JA <0, respectively). Let A € B(H). The operator
A* .= JA*J (= [Ax, y] = [x, A*y], for all x, y € H) is said to be J-adjoint
to A. Write HA = %(A + A*), JA = %(A — A*), for all A € B(H). Set
Ly :={A € B(H) : tr(|RA| + |SA]) < +0o0}.

LetP:={p e B(H): p>=p, [px,y] =[x, pyl, Vx,y € H} and let P*
(P7) be the set of all J-positive (J-negative, respectively) projections from P.
For any p € P, there exists a (nonunique!) representation p = p; + p_, where
p+ € PT and p_ € P~. Any one-dimensional J-projection has the form p, :=
LA I f1f. f €T and (pg)* = puy. It f €T (f € T7) then py, pyy € P*
(e P, respectively). If ez € H¥ N S and if complex numbers o, B are such
that |«|?> — |B]*> = I then (., ae; — Be_)ae; + Be_) € P.(If |a|* — |B]* = —1
then —(., wey — Be_)(aey + Be_) € P~.) One can prove that: dim((ps)+ H) =
MU f1+ D, forall fels ppe B & feSNT (=SN(H"UH)).
Letqy := I £II72(.,, fu f,forall f # 0. Note g, € B(H).

Any sum p = Xp, where p, p, € P foralli,and p,p; =0if i # j is said
to be a decomposition of p (the sum understood in the weak sense).

Let H be a complex Hilbert space. A function & : P — H is called an
‘H-measure if £(p) = X&(p;) for any decomposition p = Xp; (the series being
weakly convergent).

An H-measure & is said to be: semiconstant if dim HY < +o0o and
there is a vector hg € H, ho #0 such that &(p)= dim(p,)hy, for all
p € P; linear if there exists a linear operator & : B(H) — H such that
E(p) =&(p), for all p € P; w-linear if for any h € H there is an op-
erator My € Ly such that (§(q), h)x = tr(gMy), for all g € P; bounded if
K = Sup cp Hc?l;q”)\\ } < +00; w-bounded if K, = SUp,cp {%} < +00, for
all heH; if H=C (= R) the C- (R)-measure is said to be a complex
(real) measure. Here C (R) is the set of all complex (real, respectively)
numbers.
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Remark 1.
Any semiconstant measure is bounded but is not a linear measure; any complex
measure £(-) is the sum of real measures RE(-) and IJIE(-).

The main results for the real measure are the following:

Theorem 2.3 of Matvejchuk (1997). Let H be a Krein space, dim H > 3,
dim H* <dim H™ and let i : P — R be a real measure. The measure [ is
bounded if and only if there exist a unique J-self-adjoint trace-class operator M
and unique number ¢ € R such that u(q) = tr(gM) + cdim(g4 H), forallg € P.
If dim H+ = 400, then ¢ = 0 (0.00 = 0).

Theorem 2.1 of Matvejchuk (1997). Let H be a Krein space, dim H = +o00.
Then any real measure v : P — R is bounded.

Let £ be a bounded H-measure. By Theorem 2.3 of Matvejchuk (1997), for
all h € 'H there exist a unique M), € L and a unique number c;, such that

En(q) = (§(q), Wy = tr(gM},) + cp dim(q H), Vg € P. ey

Let Z C H. It is well known that the inequality sup,.z {||z]|} < +o0 is
equivalent to sup,. z{|(z, A)n|} < +o0, forall 1 € H. Hence we have

Proposition 1. The H-measure & is bounded if and only if £ is w-bounded. If
dim H = 400 then every H-measure is bounded.

Lemma 1. Forany M € B(H),

M| <8 sup {[(Mf, )}
fesnp--

Proof: Let¢ € S.1Itis clear that sup cgng-—(gg fo ) = SUP pesnp-(qo f, ). Let
et €¢ H' NS, e~ € H- NS be such that ¢ = ae™ + Be~. Here a > 0, B > 0.
Let f denote the vector 1/+/2(et 4 ¢7). Then f € B° (C f~) and

2qsf flu = @ +pH=1. 2

1) Letfirst M = M* € B(H) and let
a) dim H* = dim H~ = 1. Without loss of generality we can consider
the two cases:
i) M =(b+a)qs +aqy,wherep,p* € S,(¢p, ¢)y =0andb > 0,
a > 0. In this case, by (2), we have

NSERN)

sup {|(Mf, I} = sup {blgyf, )} +a=
fesSng- fesng-
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L bta _ ||M||.
- 2 2
ii) M = (b+a)gs — aqy . In this case we have

sup  [(Mf, /)l = sup |(b+2a)(pyf, f)— al
fesSng—— fesSng——

3)

2
> (b+2a) sup (g4f, f)— M a=lz.
feSnp—- 2 2
If ¢ € B~ NS then
M| =®b+a)=(M¢,¢)= sup [(Mf, f).
fesng——
Ifp € BT NSthenpt € B~ N Sand [(Mpt, )| = a. Hence

b+a) 1
=—|M|.
4 4

b
sup  [(Mf, f)l = maX{—,a} >
feSnp— 2
b) Let us consider the case of a general H. It is well known that
M| = sup,co{l(MFf, /)I}. Fix € > 0. Let us choose fy € S, such
that |[(Mfy, fo)l > |M| —€ and et € SNHT, e € SN H™ such
that fo = ae™ + Be~. We will denote by P the orthoprojection
(.,eNeT +(.,e7)e . Itisclear that |M|| > |[PMP| > |M|| — €. By
11), 1ii)
sup {[(Mf, I} = sup  {[(PMPF, Fl}

fesSng—— feSnp——,fePH
1 1
> —||PMP| > =(|M| —e).
> 4|| = 4(Il I —e)

Hence sup 55— {|(Mf, /)I} = ;IM]|.
2) Letnow M € B(H). By (1b),

sup {|(MF, f)|}>max{ sup {|(AMf, O}, sup {ISMf, HIY

fesnp— fesng— feSnp—
1
> ZmaX{II?RMII, ISMI} = g(IImMII + ISM]))
1
> gIIMll-

O

Proposition 2. Let dim H > 3, & : P — H be a bounded H-measure, and let
the operator My, be as in (1). The function h — M), is antilinear and continuous
in the norm topology on H and in the norm operator topology.
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Proof: By definition (1), the function A — M, is antilinear. Let K :=

sup{{5e0l g € P). We have

1
K|l = sup <§(") ) '>su sl My) + (L 14 D
e AN PTR M A T
f f)
M = JIM, ——, —
= e ”(Hfuz ")‘ f?%’-( "I A

1
= sup [(UM,f, f)ul = by Lemma l E—IIJMh||=—||MhII~
fesSng— 8 8

O

Proposition 3. Let H be a complex Krein space. The H-measure & is w-linear
if and only if &€ is a bounded linear H-measure. If H-measure & is w-linear then
there is a bounded linear operator & : B(H) — H such that £(q) = &(q) for all
qeP.

Proof: Let & be a w-linear H-measure and let &,(q) := (§(q), h)y = tr(gM},),
forall g € P, h € H.Here M), € L. It is clear that £ is bounded. We will define
an H-measure on the set B(H).

1) Let us define the function ¢(gs) := [ f, f]||f||’2§(pf), f € T'. We have

@) b = |[|J;’”’i]2<s(q),h>ﬁ ﬁ’;”f (o My)
= e S1 M) = el F1M )
= U MLf P = I M) @
Hence forany f, g € T
(@) — D), Ml = ‘”f%uw, P = 5 (U Mg .

&)

Letp € SN B%andletasequence { f,} C I be such that ||¢ — ”%‘H -0
By (5), {¢(q,)}7° is a weakly fundamental sequence. There exists the weak

limit w — lim, ¢(g7,). Let ¢(q,) := w — lim, ¢(qy,). By (4),

VL
A FA

(P(gqp), M) = lilgn (JMh ) = (IMyp, o)y = tr(q,J M}).
H
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2) Letnow q1, q2, - .., ¢ be a set of mutually orthogonal one-dimensional
projections from B(H)P'. Set (X" ,g;) := X" ¢(g;). One has

(¢ <Z q,-) h) = @) by =Y tr(gi ] My)
i=1 H

i=1

(1))

Hence the vector ¢(X]”,¢q;) is well defined.

3) Let us consider the case dim H = +oo. Let ¢ € B(H)*, dimgH =
400 and let p, be a net of finite-dimensional orthogonal projections,
q = w — limy p,. Write ¢(q) := w — lim, ¢(p,). For any p € B(H)™
we have [(¢(p), h)x| = [tr(pd My)| < tr(|J M}, ). Hence the function ¢ :
B(H)” — "H is a bounded (i.e., SUP e g(H lo(p)ll < +00) H-measure
on B(H)".

The operator A := X!'_,a;p;, where p; € B(H)”, and a; € R for
all i is said to be simple. Let ¢(A) := X/_,a;¢(p;). By the equality
(@(A), h)y = tr(AJ M), for all h € 'H, the vector ¢p(A) is well defined.

Let now A € B(H) be a self-adjoint operator and let {A,,}
be a sequence of simple operators such that ||A — A, | — 0. Let
¢(A) ;== w — lim,, , $(A,). For the general case of A € B(H) we
setp(A) := p(MA) + ip(IJA). By construction, (¢p(A), h)y = tr(AJ My).
Hence (¢(A + B), i) = tr((A + B)J M)) = (¢(A) + ¢(B), h)y, for all
A, B € B(H). Hence the operator ¢ : B(H) — 'H is linear. By Corollary
1 of Jajte and Paszkiewicz (1978), the linear operator ¢ is bounded. For
any g € P we have

(@), by = tr(gMy) = te(qgJ IMy) = (p(q ), W)w,  Vh e H.

Set () := ¢(-J). Then £(q) = p(qJ) = £(q), forall ¢ € P.

Conversely, let £ be a bounded linear H-measure and let a lin-
ear operator £ : B(H) — H be such that é(p) = &(p), for all p e P.
By Theorem 2.3 of Matvejchuk (1997), for all h € H there exist a
unique M), € L; and a unique number cy,, such that &,(¢) := (£(g), h)n =
tr(gMy) + ¢, dim(qg, H), Vg € P.

Let us assume for the moment that there exist g € H such that
cny # 0. Forany f € I'M\S we have f = aey + Be_, where

> — |B]* =1, | > 1, (©6)
and e. € H* N S. In addition

P+ ) =pr4pip =L F1f + 1 I =20l pes = 1B pe-).
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By the linearity of &,

tr((ps + (P IMpy) + 2¢, = (E(Pyr), o) + E(P£)), ho)n
=EWpsr+ (P hon
= 2(|aE(per) — |BI*E(Pe)s hodne
= 2(ja P (per), hoYr — |BIPE(pe-) ho)w)
= 2(ja(E(per). ho)r — |BI*E(pe-). ho)w)
= tr((py + (pr)IMpy) + 2lel*cy,.

Thus 2¢, = 2|a|*cy,. This contradiction with (6) proves that ¢, = 0, for
all » € 'H. Hence £ is a w-linear measure. O

Theorem 1. Let H be a Krein space, dim H > 3, and let £ : P — H be a
bounded H-measure.

1) If dim Ht < 400 then there exists a unique linear H-measure & and a

unique semiconstant & such that § + & = &;

2) If dim H* = +00 then the H-measure & is linear.

Proof:

1y

2)

Let dmH'Y <400, heH. By (1), (&(g),h)y =1tr(gM;)+
cpdim(qy H), for all ¢ € P. By Proposition 2, the antilinear func-
tional h — tr(pyMy) (= f, fFI(UMyf, f)u) is continuous on H, for
all f e I'. The antilinear functional & — (&£(q), h)3; is continuous on
‘H, also. Hence the antilinear functional 7 — ¢, is continuous on H.
By Riesz’s theorem, there exists a unique vector xo € H such that
cp = (xg, h)p, for all h € H. The function &(g) := dim(q+ H )xo, for
all ¢ € P, is a semiconstant measure. It is clear that the function
&(q) .= &(q) — &(q), g € P is alinear bounded H-measure.

Let dim H' = +o00. By Theorems 2.1 and 2.3 of Matvejchuk (1997), the
‘H-measure is w-linear measure. By Proposition 3, £ is a bounded linear
measure. O

Corollary 1. Let H be a complex Krein space. Every H-measure is bounded
and linear if and only if dim H* = dim H~ = oo.

Proof:

Let dim Ht = dim H~ = oo and let £ be an H-measure. By Theorem

2.3 of Matvejchuk (1997) the complex measure &, is linear. Hence & is w-linear.
By Proposition 3, £ is a linear measure.
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Conversely, let every H-measure on P be bounded and linear. Assume for the
moment dim H* < +o00. Let £ be a semiconstant measure. Every semiconstant
measure is bounded and is not linear. We have a contradiction. O

Corollary 2. Let 3 <dim H and let & be a bounded H-measure such that
E(p)=0forall p e P~.

1) Ifdim HT < +oo then & = 0 or £ is a semiconstant measure.
2) IfdimHt = +oo then & = 0.

Proof: By (1) and by &(p) =0 for all p € P~, we have 0 = (0, h)y
Epr) Wy =t(prMy) = —(I My f, fu, forall f € ™. Thus (J My f, )u
0,VfeSNB~".By Lemma 1, |JM;| =0, Yh. Thus M;, = 0. Hence & =
By Theorem 1, & = &;.

mIES|

ACKNOWLEDGMENT

The paper was partially supported by the Russian Foundation for
Fundamental Research, grant 05-01-00000.

REFERENCES

Azizov, T. Ya. and Iokhvidov, I. S. (1986). Linear operator in space with an indefinite metric [In
Russian], Nauka, Moscow, 352 p. [English translation, Wiley, New York, 1989.]

Dadashyan, K. Yu. and Horujy, S. S. (1983). On field algebras in quantum theory with indefinite metric.
Theoretical and Mathematical Physics 54, 57-77 [in Russian]. [English translation, Theoretical
and Mathematical Physics.]

Jajte, R. and Paszkiewicz, A. (1978). Vector measure on the closed subspaces of a Hilbert space. Studia
Mathematica 63, 229-251.

Matvejchuk, M. S. (1997). Gleason’s theorem in space with indefinite metric. Mathematishe
Nachrichten 184, 229-243.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


